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Machine	learning	–	why?	

Input	 Machine	 Output	

Atomic	system	
Quantum	
mechanics	 Properties	

(Structure,	energy,		
band	gap…)	

The	machine	is	potentially	much	faster	than	quantum	mechanics.	

Maybe	we	can	also	understand	something	new	from	the	machine?	



Overview	

•  Computational	screening	
•  Descriptors	
•  How	to	search?	

•  Databases	
•  Brute	force	calculations	
•  Machine	learning	

•  Fitting	a	function	
•  Bayesian	inference	
•  Gaussian	processes	and	kernel	regression	

•  Machine	learned	exchange-correlation	
functionals	



Computational	Materials	Design	
Descriptors	

“Real	material"	

Computing 

What	do	we	want:	
•  Battery:	High	power,	rechargeability,	long	lasting…	
•  Chemical	reactor:	High	Turn-Over-Frequency…	
•  Structural	material:	High	strength,	ductility…	
•  Solar	cell:	High	solar	to	electrical	energy	conversion	efficiency	
•  Photoelectrochemical	cell:	High	solar	to	fuel	conversion	efficiency	

Computing	

What	can	we	compute	at	the	electronic/atomic	level?	
“Descriptors”!	

Identifying	key	parameters	
Multiscale	modeling	



Great	variety	of	materials	
Multi-dimensionality	
Known	materials	

“Materials	Selector”	

Ashby	diagrams	

(1992)	



Vojvodic,	Medford,	Studt,	Abild-Pedersen,	Khan,	Bligaard,	and	Nørskov,	Chemical	Physics	Letters,	598,	108	(2014)	

Multiscale	modeling:	Microkinetics	
Ammonia	synthesis	

Descriptors:	Adsorption	energies	and	reaction	barriers	
Multiscale	modeling:	Microkinetics	

Number	of	descriptors	can	be	reduced	using	scaling	relations:	the	energy	barrier	scales	with	the	binding	energy	



Combined	Electronic	Structure	and	Evolutionary	
Search	Approach	to	Materials	Design		

G. Johannesson, Thomas Bligaard, A. Ruban, H. L. Skriver,  
K. W. Jacobsen, and J. K. Nørskov, Phys. Rev. Lett. 88, 255506 (2002) 
T. Bligaard, G. Johannesson, A. V. Ruban, H. L. Skriver, 
K. W. Jacobsen, and J. K. Nørskov, Appl. Phys. Lett. (2003) 

Superalloys	
•  Mechanical	strength	
•  Resistance	to	thermal	creep	
•  Surface	stability	
•  Resistance	to	corrosion	and	oxidation	

Descriptor	
•  Try	alloy	heat	of	formation	

 AlNi3    -0.49 

 Ni3Ti    -0.46 

 HfNi3    -0.44 

 Al2Ti2     -0.43 

 Al3Sc    -0.43  

 Al2Zr2      -0.42  

 Al2ZnZr    -0.42  

 Al2Sc2        -0.41 

 Ni3Sc    -0.41  

 Al3Zr     -0.40  

 Al2TiZn    -0.39 

 Al2ScZn     -0.38 

 Al3Ti     -0.38 

 Co3Ti      -0.38  

 Ni3Zr   -0.36  

 Al2NbTi    -0.36 

 Al2CuTi  -0.35 

 Al2HfZn     -0.34 

 Al2CuZr     -0.34 

 Al3Lu    -0.34 



•   Stability of material 
•  Heat of formation 

•  Good light absorption 
•  Bandgap in the visible range 

•  Photogenerated charges at right potentials  
•  Band edges straddle the water redox potentials 

Light-induced	water	splitting	

(Fujishima and Honda, Nature 1972) 



Overview	

•  Computational	screening	
•  Descriptors	
•  How	to	search?	

•  Databases	
•  Brute	force	calculations	
•  Machine	learning	

•  Fitting	a	function	
•  Bayesian	inference	
•  Gaussian	processes	and	kernel	regression	
•  Neural	nets	

•  Machine	learned	exchange-correlation	
functionals	



“Standard”	material	quantities	now	available		
in	public	computational	databases	

J.	E.	Saal,	S.	Kirklin,	M.	Aykol,	B.	Meredig,	and	C.	Wolverton,	JOM,	vol.	65,	no.	1,	pp.	1501–1509,	Nov.	2013.	

AlxO1-x	heats	of	formation	

Stevanovic,	Lany,	Zhang,	Zunger,	Phys.	Rev.	B,	85,	115104	(2012)	



Computational	Databases	

•  OQMD	–	ICSD	+	specific	structures	
•  Materials	Project	–	ICSD,	project	specific	
•  AFLOWLIB	–	ICSD,	project	specific	
•  NOMAD	Repository	–	store	everything		
•  AiiDA	
•  CatApp/CatMap	
•  Computational	Materials		

Repository	(CMR)	…	
•  …	

•  Several	experimental	databases	
•  Inorganic	Crystal	Structure	Database	(ICSD)	
•  …	

Number	of	calc.	in	NOMAD	

Now	more	than		
49	million	calculations	
in	NOMAD	



•   Stability 
•  Heat of formation 

•  Good light absorption 
•  Bandgap in the visible range 

•  Photogenerated charges at right potentials  
•  Band edges straddle the water redox potentials 

Brute	force	screening:	Water	splitting	

ABO3
	

5	atom	unit	cell	

Perovskites	



Oxides,	oxynitrides,	oxysulfides,	oxyfluorides,	
oxyfluornitrides	

Materials candidates: 

•  ABO3   10 

•  ABO2N  5 

•  ABON2  2 

•  ABN3   0 

•  ABO2S  0 

•  ABO2F  3 

•  ABOFN  0 

 

 

LaTaON2 (known) 
YTaON2 (unknown) 

20 candidate materials 

About half are known 

~19000 materials 

(Castelli,	Landis,	Thygesen,	Dahl,	Chorkendorff,	Jaramillo,	Jacobsen,	Energy	Environ	Sci	5,	9034	(2012))	

4 known, 1 unknown 

4 known, 6 unknown 



More	“intelligent”	searches	

Easy	(why?)	

Correlation	is	the	key	

Find	the	minimum	value	

More	difficult	

Really	difficult	

The	minima	resemble	each	other	somehow	
Smart	moves	from	one	well	to	another	(genetic	algorithm)	

Impossible	(random)	

No	similarity	



Information	transfer:	
From	oxides	to	oxynitrides	

Probability	for	an	element	to	generate	a	
stable	semiconductor	for	the	ABO3	
stoichiometry	

Probabilities	and	rules	transferable	to	oxynitrides:	

ABO3	

Castelli	and	Jacobsen,		
Modelling	Simul.	Mater.	Sci.	Eng.	22,	055007	(2014)	

14	out	of	16	compounds	quickly	identified	

Ranking	of	oxynitrides	

Sum	of	valences	=	0	



Machine	learning	
Kernel	regression	

Fitting	a	function	f(x)	based	on	data	points	

Drop	a	Gaussian	on	each	data	point:	

Interpolation:	

Coefficients	determined	by	data	points:	

Interpolation:	

with	

Green:	f(x)	
Blue:	fit	
Red:	Gaussians	

y(x) =
X

i

k(x, xi)↵i

y(x) = kTK�1y

ki = k(x, xi)

k(x, xi) = exp(�|x� xi|2/2⇢2)

yi = f(xi)
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yj =
X

i

k(xj , xi)↵i =
X

i

Kji↵i ! y = K↵ ! ↵ = K�1y
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Machine	learning	
Kernel	ridge	regression	

Fitting	a	function	f(x)	based	on	data	points	

Drop	a	Gaussian	on	each	data	point:	

Interpolation:	

Coefficients	determined	by	data	points:	

y(x) =
X

i

k(x, xi)↵i

k(x, xi) = exp(�|x� xi|2/2⇢2)

yi = f(xi)
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yj =
X

i

k(xj , xi)↵i =
X

i

Kji↵i ! y = K↵ ! ↵ = K�1y
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Noise	in	data	or	problem	inverting	K:	

K ! K+ �I
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Small	regularization	parameter	



Example:	Local	structure	optimization	of	atomic	
systems	

•  Multidimensional	local	optimization	
•  A	number	of	well-developed	techniques	are	available:	

Conjugate	Gradients,	BFGS,	…		
•  Takes	up	a	large	fraction	of	CPU	hours	on	supercomputers	

performing	electronic	structure	calculations	

CO/Au	

(Estefanía	Garcia	del	Río,	Jens	Jørgen	Mortensen,	KWJ,	arXiv:1808.08588	[physics.comp-ph]	)	

Atomic	coordinates	

Energy	
Use	kernel	
regression	
on	energy	
surface!	



Kernel	regression	with	gradient	information	

x = (x1, x2, . . . , xD)
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Atomic	coordinates:	

Prediction	of	potential	energy	surface:	

First	guess	for	energy	surface	

Previously	calculated	structures	

Parameters	determined	to	fit	previously	
calculated	energies	and	forces	

E(x) = E0(x) +
nX

i=1

↵i e
�kx(i)� xk2/2l2 +

nX

i=1

DX

j=1

�ij

x(i)
j � xj

l2
e�kx(i)� xk2/2l2
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Applied	to	Nudged	Elastic	Band	simulations:	
O.-P.	Koistinen,	F.	B.	Dagbjartsdóttir,	V.	Ásgeirsson,	A.	Vehtari,	
and	H.	Jónsson,	J	Chem	Phys,	147,	152720	(2017)	

J.	Wu,	M.	Poloczek,	A.	G.	Wilson,	and	P.	I.	Frazier.	
	arXiv:1703.04389	



Optimization	algorithm	

•  Choose	initial	structure	
•  Predict	energy	surface	based	on	previous	

structures	
•  Find	minimum	structure	on	predicted	energy	

surface	using	BFGS	(a	standard	optimizer)	
•  Calculate	energy	and	forces	at	the	predicted	

minimum	point	with	DFT	













Test	case:	10	atom	Au	cluster	

10	atom	Au	cluster	with	Effective	Medium	Theory	interatomic	potential.	
	
1000	energy	minimizations	with	different	initial	conditions.	

Comparison	
with	other	
optimizers	
in	the	
Atomic	
Simulation	
Environment	
(ASE).	

Kernel	regression	



“Standard”	test	systems	from	ASE	

CO/Ag	

C/Cu	

H2	
Cu	slab	

Cu	bulk	



Test	results	for	optimizers	in	ASE		
with	standard	settings	

GPAW	calculations	using	LCAO	basis	set	

10	minimizations	
for	each	system	

Available	in	ASE	now!	



Bayes’	theorem		

(1701-1761)	
Laplace	
Turing	

Probability	theory:	

Bayes	theorem:	

P (A,B) = P (A|B)P (B) = P (B|A)P (A)

P (A|B) =
1

P (B)
P (B|A)P (A)

P (cause|e↵ect) = 1

P (e↵ect)
P (e↵ect|cause)P (cause)

Inference:	

Example:	Disease	(D)	and	test	(T)	
1/1000	of	the	population	has	the	disease:		
The	test	is	99%	good:	

You	get	a	positive	test.	What	is	the	risk	you	have	the	disease	P(D|T)?	

1%	
10%	
50%	
90%	
99%	

P (D) = 0.001, P (¬D) = 0.999

P (T |D) = P (¬T |¬D) = 0.99

P (T |¬D) = P (¬T |D) = 0.01



Bayes’	theorem		

(1701-1761)	
Laplace	
Turing	

Probability	theory:	

Bayes	theorem:	

P (A,B) = P (A|B)P (B) = P (B|A)P (A)

P (A|B) =
1

P (B)
P (B|A)P (A)

P (cause|e↵ect) = 1

P (e↵ect)
P (e↵ect|cause)P (cause)

Inference:	

Example:	Disease	(D)	and	test	(T)	
1/1000	of	the	population	has	the	disease:		
The	test	is	99%	good:	

You	get	a	positive	test.	What	is	the	risk	you	have	the	disease	P(D|T)?	

P (D) = 0.001, P (¬D) = 0.999

P (T |D) = P (¬T |¬D) = 0.99

P (T |¬D) = P (¬T |D) = 0.01

P (D|T ) = P (T |D)P (D)

P (T )
=

P (T |D)P (D)

P (T |D)P (D) + P (T |¬D)P (¬D)

=
0.99 ⇤ 0.001

0.99 ⇤ 0.001 + 0.01 ⇤ 0.999 = 0.09 = 9%



Bayesian	inference	

Probability	theory:	

Bayes	theorem:	

Likelihood	 Prior	probability	

Update	of	model		
because	of	data	

(1701-1761)	
Laplace	
Turing	

P (A,B) = P (A|B)P (B) = P (B|A)P (A)

P (A|B) =
1

P (B)
P (B|A)P (A)

P (Model|Data) =
1

P (Data)
P (Data|Model)P (Model)



Bayesian	Search	Theory	in	Practice	
The	1966	Palomares	B-52	crash	

B-52G	collided	with	KC-135	tanker	when	fueling	

	

Refueling	

Bomb	recovered	

4 H-bombs dropped 
3 on land 
1 in the Mediterranean Sea 

 

Bayesian search theory applied: 
Assign probabilities to different areas of the sea 
based on available information 
(a local fisherman saw the bomb dropping) 
Update your probability depending on your search.  

	



Example:	heads	and	tails	

Model:	Probability	p	for	heads	

Data:	h	heads	and	t	tails	

P (Model|Data) =
1

P (Data)
P (Data|Model)P (Model)

P (p|h, t) / P (h, t|p)P (p) =
(h+ t+ 1)!

h!t!
ph(1� p)t
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Average	value	of	p:	 hpi = h+ 1

(h+ 1) + (t+ 1)
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h = 15

t = 15

hpi = 1
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<latexit sha1_base64="yc/QjYlZ9R8vUPhXFYQNFmhJbXc=">AAAB53icbVDLSgMxFL1TX7W+qi7dhBahopSJUHRZdOOygn1gW0omzbShmUxIMkKp/QY3Im4U/Rt/wb8xfWzaeiBwOOeEe88NlODG+v6vl1pb39jcSm9ndnb39g+yh0c1EyeasiqNRawbATFMcMmqllvBGkozEgWC1YPB7cSvPzFteCwf7FCxdkR6koecEuukx0pBPePSBS6ddbJ5v+hPgVYJnpN8Odc6/wKASif70+rGNImYtFQQY5rYV7Y9ItpyKtg400oMU4QOSI+NpnuO0amTuiiMtXvSoqm6kCORMcMocMmI2L5Z9ibif14zseF1e8SlSiyTdDYoTASyMZqURl2uGbVi6AihmrsNEe0TTah1p8m46ni56CqpXRaxX8T37gY3MEMaTiAHBcBwBWW4gwpUgYKEV/iAT497L96b9z6Lprz5n2NYgPf9Bz2EjJM=</latexit><latexit sha1_base64="BhVv4NN7/7agpimAGtZ8pBV+/5c=">AAAB53icbVDLSgMxFL1TX7W+qi7dhBahopRJoeiy6MZlBfvAtpRMmmlDM5khyQhD7Te4KeJGwb/xF/o3po9NWw8EDueccO+5XiS4Nq47dVJb2zu7e+n9zMHh0fFJ9vSsrsNYUVajoQhV0yOaCS5ZzXAjWDNSjASeYA1v+DDzG69MaR7KZ5NErBOQvuQ+p8RY6aVaiN5w+QaXr7rZvFt050CbBC9JvpJrX0+mlaTazf62eyGNAyYNFUTrFnYj0xkRZTgVbJxpx5pFhA5Jn43me47RpZV6yA+VfdKgubqSI4HWSeDZZEDMQK97M/E/rxUb/64z4jKKDZN0MciPBTIhmpVGPa4YNSKxhFDF7YaIDogi1NjTZGx1vF50k9RLRewW8ZO9wT0skIYLyEEBMNxCBR6hCjWgIGECX/DtcOfd+XA+F9GUs/xzDitwfv4AN7KOGQ==</latexit><latexit sha1_base64="BhVv4NN7/7agpimAGtZ8pBV+/5c=">AAAB53icbVDLSgMxFL1TX7W+qi7dhBahopRJoeiy6MZlBfvAtpRMmmlDM5khyQhD7Te4KeJGwb/xF/o3po9NWw8EDueccO+5XiS4Nq47dVJb2zu7e+n9zMHh0fFJ9vSsrsNYUVajoQhV0yOaCS5ZzXAjWDNSjASeYA1v+DDzG69MaR7KZ5NErBOQvuQ+p8RY6aVaiN5w+QaXr7rZvFt050CbBC9JvpJrX0+mlaTazf62eyGNAyYNFUTrFnYj0xkRZTgVbJxpx5pFhA5Jn43me47RpZV6yA+VfdKgubqSI4HWSeDZZEDMQK97M/E/rxUb/64z4jKKDZN0MciPBTIhmpVGPa4YNSKxhFDF7YaIDogi1NjTZGx1vF50k9RLRewW8ZO9wT0skIYLyEEBMNxCBR6hCjWgIGECX/DtcOfd+XA+F9GUs/xzDitwfv4AN7KOGQ==</latexit><latexit sha1_base64="mDFDFZwiEbRFpECHrX9uXMPVaE4=">AAAB53icbVDLSgMxFL3js9ZX1aWbYBEqSJkIRZdFNy4r2Ae2pWTStA3NZIbkjlBqv8GNiBsF/8Zf8G9M29m09UDgcM4J954bxEpa9P1fb219Y3NrO7OT3d3bPzjMHR3XbJQYLqo8UpFpBMwKJbWookQlGrERLAyUqAfDu6lffxbGykg/4igW7ZD1texJztBJT5VC/EJLl7R00cnl/aI/A1klNCV5SFHp5H5a3YgnodDIFbO2Sf0Y22NmUHIlJtlWYkXM+JD1xXi254ScO6lLepFxTyOZqQs5Flo7CgOXDBkO7LI3Ff/zmgn2btpjqeMEhebzQb1EEYzItDTpSiM4qpEjjBvpNiR8wAzj6E6TddXpctFVUrsqUr9IH/x8+TY9QgZO4QwKQOEaynAPFagCBw1v8AlfnvRevXfvYx5d89I/J7AA7/sPOl+LCg==</latexit>

P (p|5, 0)
<latexit sha1_base64="uCkbaU3bu0BXhdKGNbDRUAZx0Ss=">AAAB5XicbVDLSgMxFL1TX7W+qi7dhBahopQZQXRZdONyBPuAtpRMmmlDMzMhuSOU2k9wI+JGQT/HX/BvTB+bth4IHM454d5zAyWFQdf9dTJr6xubW9nt3M7u3v5B/vCoZpJUM15liUx0I6CGSxHzKgqUvKE0p1EgeT0Y3E38+hPXRiTxIw4Vb0e0F4tQMIpWavgl9Xx14Z518kW37E5BVok3J8VKoXX+DQB+J//T6iYsjXiMTFJjmp6rsD2iGgWTfJxrpYYryga0x0fTLcfk1EpdEibavhjJVF3I0ciYYRTYZESxb5a9ifif10wxvGmPRKxS5DGbDQpTSTAhk8qkKzRnKIeWUKaF3ZCwPtWUoT1Mzlb3louuktpl2XPL3oO9wS3MkIUTKEAJPLiGCtyDD1VgIOEVPuDT6TkvzpvzPotmnPmfY1iA8/UHVwiMGA==</latexit><latexit sha1_base64="7s7vMJ/JfQ65Erx66jHUYcsozA0=">AAAB5XicbVDbSkJBFN3HbmY3q8deBiUwCpkTRD1KvfRokBdQkTnjHB2cc2Fmn+BgfkIvIb0U9Dv9gn/TqL2oLRhYrLWGvdf2YiUNUjp1MhubW9s72d3c3v7B4VH++KRuokRzUeORinTTY0YoGYoaSlSiGWvBAk+Jhjd8mPmNF6GNjMJnTGPRCVg/lL7kDK3UrJbi15sretHNF2mZzkHWiftHipVC+3IyraTVbv6n3Yt4EogQuWLGtFwaY2fENEquxDjXToyIGR+yvhjNtxyTcyv1iB9p+0Ikc3UpxwJj0sCzyYDhwKx6M/E/r5Wgf9cZyTBOUIR8MchPFMGIzCqTntSCo0otYVxLuyHhA6YZR3uYnK3urhZdJ/XrskvL7pO9wT0skIUzKEAJXLiFCjxCFWrAQcE7fMKX03fenInzsYhmnL8/p7AE5/sXUTaNng==</latexit><latexit sha1_base64="7s7vMJ/JfQ65Erx66jHUYcsozA0=">AAAB5XicbVDbSkJBFN3HbmY3q8deBiUwCpkTRD1KvfRokBdQkTnjHB2cc2Fmn+BgfkIvIb0U9Dv9gn/TqL2oLRhYrLWGvdf2YiUNUjp1MhubW9s72d3c3v7B4VH++KRuokRzUeORinTTY0YoGYoaSlSiGWvBAk+Jhjd8mPmNF6GNjMJnTGPRCVg/lL7kDK3UrJbi15sretHNF2mZzkHWiftHipVC+3IyraTVbv6n3Yt4EogQuWLGtFwaY2fENEquxDjXToyIGR+yvhjNtxyTcyv1iB9p+0Ikc3UpxwJj0sCzyYDhwKx6M/E/r5Wgf9cZyTBOUIR8MchPFMGIzCqTntSCo0otYVxLuyHhA6YZR3uYnK3urhZdJ/XrskvL7pO9wT0skIUzKEAJXLiFCjxCFWrAQcE7fMKX03fenInzsYhmnL8/p7AE5/sXUTaNng==</latexit><latexit sha1_base64="srf3dBbnShdgMVI4SvhJUPeQZj4=">AAAB5XicbVDLSgMxFL3js9ZX1aWbYBEqSMkIosuiG5cV7APaUjJppg3NzITkjlBqP8GNiBsFf8df8G9M29m09UDgcM4J954baCUtUvrrra1vbG5t53byu3v7B4eFo+O6TVLDRY0nKjHNgFmhZCxqKFGJpjaCRYESjWB4P/Ubz8JYmcRPONKiE7F+LEPJGTqpWS3pl+tLetEtFGmZzkBWiZ+RImSodgs/7V7C00jEyBWztuVTjZ0xMyi5EpN8O7VCMz5kfTGebTkh507qkTAx7sVIZupCjkXWjqLAJSOGA7vsTcX/vFaK4W1nLGOdooj5fFCYKoIJmVYmPWkERzVyhHEj3YaED5hhHN1h8q66v1x0ldSvyj4t+4+0WLnLjpCDUziDEvhwAxV4gCrUgIOCN/iEL6/vvXrv3sc8uuZlf05gAd73H1Pjio8=</latexit>

Binomial	distribution	of	h	
and	t	given	parameter	p	

Conjugate	distribution:	
Beta	distribution	of	p	
given	parameters	h	and	t	



From	Bayes	to	least	squares	regression	

Data:		 {yi}
<latexit sha1_base64="6SdjbeMsedZnBUYDwSd2i0noDe4=">AAAB9XicbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dPJi5UULIR7hV3Ilbv6d/47TNpq0HBg7nnOHee/xECo2OM7MqW9s7u3vVffvg8Oj4pHZ61tFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXnz7O/e4rV1rE0QtmCR+EdByJQDCKRup6eTYUXjGs1Z2GswDZJG5J6lCiNazNvFHM0pBHyCTVuu86CQ5yqlAwyQvbSzVPKJvSMc8XSxbkykgjEsTKvAjJQl3J0VDrLPRNMqQ40eveXPzP66cY3A9yESUp8ogtBwWpJBiT+cVkJBRnKDNDKFPCbEjYhCrK0PSyMsUPC9s2Xbjrl2+Szk3DdRru8229+VC2UoULuIRrcOEOmvAELWgDgym8wwd8Wm/Wl/Vt/SyjFav8cw4rsH7/AANGkhI=</latexit><latexit sha1_base64="6SdjbeMsedZnBUYDwSd2i0noDe4=">AAAB9XicbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dPJi5UULIR7hV3Ilbv6d/47TNpq0HBg7nnOHee/xECo2OM7MqW9s7u3vVffvg8Oj4pHZ61tFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXnz7O/e4rV1rE0QtmCR+EdByJQDCKRup6eTYUXjGs1Z2GswDZJG5J6lCiNazNvFHM0pBHyCTVuu86CQ5yqlAwyQvbSzVPKJvSMc8XSxbkykgjEsTKvAjJQl3J0VDrLPRNMqQ40eveXPzP66cY3A9yESUp8ogtBwWpJBiT+cVkJBRnKDNDKFPCbEjYhCrK0PSyMsUPC9s2Xbjrl2+Szk3DdRru8229+VC2UoULuIRrcOEOmvAELWgDgym8wwd8Wm/Wl/Vt/SyjFav8cw4rsH7/AANGkhI=</latexit><latexit sha1_base64="6SdjbeMsedZnBUYDwSd2i0noDe4=">AAAB9XicbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dPJi5UULIR7hV3Ilbv6d/47TNpq0HBg7nnOHee/xECo2OM7MqW9s7u3vVffvg8Oj4pHZ61tFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXnz7O/e4rV1rE0QtmCR+EdByJQDCKRup6eTYUXjGs1Z2GswDZJG5J6lCiNazNvFHM0pBHyCTVuu86CQ5yqlAwyQvbSzVPKJvSMc8XSxbkykgjEsTKvAjJQl3J0VDrLPRNMqQ40eveXPzP66cY3A9yESUp8ogtBwWpJBiT+cVkJBRnKDNDKFPCbEjYhCrK0PSyMsUPC9s2Xbjrl2+Szk3DdRru8229+VC2UoULuIRrcOEOmvAELWgDgym8wwd8Wm/Wl/Vt/SyjFav8cw4rsH7/AANGkhI=</latexit><latexit sha1_base64="6SdjbeMsedZnBUYDwSd2i0noDe4=">AAAB9XicbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dPJi5UULIR7hV3Ilbv6d/47TNpq0HBg7nnOHee/xECo2OM7MqW9s7u3vVffvg8Oj4pHZ61tFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXnz7O/e4rV1rE0QtmCR+EdByJQDCKRup6eTYUXjGs1Z2GswDZJG5J6lCiNazNvFHM0pBHyCTVuu86CQ5yqlAwyQvbSzVPKJvSMc8XSxbkykgjEsTKvAjJQl3J0VDrLPRNMqQ40eveXPzP66cY3A9yESUp8ogtBwWpJBiT+cVkJBRnKDNDKFPCbEjYhCrK0PSyMsUPC9s2Xbjrl2+Szk3DdRru8229+VC2UoULuIRrcOEOmvAELWgDgym8wwd8Wm/Wl/Vt/SyjFav8cw4rsH7/AANGkhI=</latexit>

Model	parameters:		 a<latexit sha1_base64="NQJ0QjEZuZ2taLcL9ijCEhS9LOk=">AAAB73icbVDLSgNBEOyNr7i+oh69DAbBU9gVQY9BLx4TMA9IQpid9CZDZh/O9Aoh5Au8Kt7Eq5+Uv3GS7CXRgoGiqoburiBV0pDnzZ3C1vbO7l5x3z04PDo+KZ2eNU2SaYENkahEtwNuUMkYGyRJYTvVyKNAYSsYPy781itqI5P4mSYp9iI+jGUoBScr1Xm/VPYq3hLsL/FzUoYctX5p3h0kIoswJqG4MR3fS6k35ZqkUDhzu5nBlIsxH+J0ud6MXVlpwMJE2xcTW6prOR4ZM4kCm4w4jcymtxD/8zoZhfe9qYzTjDAWq0FhphglbHErG0iNgtTEEi60tBsyMeKaC7KNrE0Jopnr2i78zcv/kuZNxfcqfv22XH3IWynCBVzCNfhwB1V4gho0QADCG7zDh/PifDpfzvcqWnDyP+ewBufnFyhtj0Y=</latexit><latexit sha1_base64="NQJ0QjEZuZ2taLcL9ijCEhS9LOk=">AAAB73icbVDLSgNBEOyNr7i+oh69DAbBU9gVQY9BLx4TMA9IQpid9CZDZh/O9Aoh5Au8Kt7Eq5+Uv3GS7CXRgoGiqoburiBV0pDnzZ3C1vbO7l5x3z04PDo+KZ2eNU2SaYENkahEtwNuUMkYGyRJYTvVyKNAYSsYPy781itqI5P4mSYp9iI+jGUoBScr1Xm/VPYq3hLsL/FzUoYctX5p3h0kIoswJqG4MR3fS6k35ZqkUDhzu5nBlIsxH+J0ud6MXVlpwMJE2xcTW6prOR4ZM4kCm4w4jcymtxD/8zoZhfe9qYzTjDAWq0FhphglbHErG0iNgtTEEi60tBsyMeKaC7KNrE0Jopnr2i78zcv/kuZNxfcqfv22XH3IWynCBVzCNfhwB1V4gho0QADCG7zDh/PifDpfzvcqWnDyP+ewBufnFyhtj0Y=</latexit><latexit sha1_base64="NQJ0QjEZuZ2taLcL9ijCEhS9LOk=">AAAB73icbVDLSgNBEOyNr7i+oh69DAbBU9gVQY9BLx4TMA9IQpid9CZDZh/O9Aoh5Au8Kt7Eq5+Uv3GS7CXRgoGiqoburiBV0pDnzZ3C1vbO7l5x3z04PDo+KZ2eNU2SaYENkahEtwNuUMkYGyRJYTvVyKNAYSsYPy781itqI5P4mSYp9iI+jGUoBScr1Xm/VPYq3hLsL/FzUoYctX5p3h0kIoswJqG4MR3fS6k35ZqkUDhzu5nBlIsxH+J0ud6MXVlpwMJE2xcTW6prOR4ZM4kCm4w4jcymtxD/8zoZhfe9qYzTjDAWq0FhphglbHErG0iNgtTEEi60tBsyMeKaC7KNrE0Jopnr2i78zcv/kuZNxfcqfv22XH3IWynCBVzCNfhwB1V4gho0QADCG7zDh/PifDpfzvcqWnDyP+ewBufnFyhtj0Y=</latexit><latexit sha1_base64="NQJ0QjEZuZ2taLcL9ijCEhS9LOk=">AAAB73icbVDLSgNBEOyNr7i+oh69DAbBU9gVQY9BLx4TMA9IQpid9CZDZh/O9Aoh5Au8Kt7Eq5+Uv3GS7CXRgoGiqoburiBV0pDnzZ3C1vbO7l5x3z04PDo+KZ2eNU2SaYENkahEtwNuUMkYGyRJYTvVyKNAYSsYPy781itqI5P4mSYp9iI+jGUoBScr1Xm/VPYq3hLsL/FzUoYctX5p3h0kIoswJqG4MR3fS6k35ZqkUDhzu5nBlIsxH+J0ud6MXVlpwMJE2xcTW6prOR4ZM4kCm4w4jcymtxD/8zoZhfe9qYzTjDAWq0FhphglbHErG0iNgtTEEi60tBsyMeKaC7KNrE0Jopnr2i78zcv/kuZNxfcqfv22XH3IWynCBVzCNfhwB1V4gho0QADCG7zDh/PifDpfzvcqWnDyP+ewBufnFyhtj0Y=</latexit>

Predictions	by	model:		yi(a)
<latexit sha1_base64="/RN9UxjAX8Mo81NYZ2e+oZtvkSo=">AAAB9HicbVDLSgMxFL3js46vqks3wSLUTZkRQZdFNy4r2Ae0pWTSTBubmQzJncJQ+g9uFXfi1v/p35i2s2nrgcDhnBPuvSdIpDDoeTNna3tnd2+/cOAeHh2fnBbPzhtGpZrxOlNS6VZADZci5nUUKHkr0ZxGgeTNYPQ095tjro1Q8StmCe9GdBCLUDCKVmpkPVGmN71iyat4C5BN4uekBDlqveKs01csjXiMTFJj2r6XYHdCNQom+dTtpIYnlI3ogE8WO07JtZX6JFTavhjJQl3J0ciYLApsMqI4NOveXPzPa6cYPnQnIk5S5DFbDgpTSVCR+cGkLzRnKDNLKNPCbkjYkGrK0NayMiWIpq5ru/DXL98kjduK71X8l7tS9TFvpQCXcAVl8OEeqvAMNagDgzd4hw/4dMbOl/Pt/CyjW07+5wJW4Pz+AVNQkQo=</latexit><latexit sha1_base64="/RN9UxjAX8Mo81NYZ2e+oZtvkSo=">AAAB9HicbVDLSgMxFL3js46vqks3wSLUTZkRQZdFNy4r2Ae0pWTSTBubmQzJncJQ+g9uFXfi1v/p35i2s2nrgcDhnBPuvSdIpDDoeTNna3tnd2+/cOAeHh2fnBbPzhtGpZrxOlNS6VZADZci5nUUKHkr0ZxGgeTNYPQ095tjro1Q8StmCe9GdBCLUDCKVmpkPVGmN71iyat4C5BN4uekBDlqveKs01csjXiMTFJj2r6XYHdCNQom+dTtpIYnlI3ogE8WO07JtZX6JFTavhjJQl3J0ciYLApsMqI4NOveXPzPa6cYPnQnIk5S5DFbDgpTSVCR+cGkLzRnKDNLKNPCbkjYkGrK0NayMiWIpq5ru/DXL98kjduK71X8l7tS9TFvpQCXcAVl8OEeqvAMNagDgzd4hw/4dMbOl/Pt/CyjW07+5wJW4Pz+AVNQkQo=</latexit><latexit sha1_base64="/RN9UxjAX8Mo81NYZ2e+oZtvkSo=">AAAB9HicbVDLSgMxFL3js46vqks3wSLUTZkRQZdFNy4r2Ae0pWTSTBubmQzJncJQ+g9uFXfi1v/p35i2s2nrgcDhnBPuvSdIpDDoeTNna3tnd2+/cOAeHh2fnBbPzhtGpZrxOlNS6VZADZci5nUUKHkr0ZxGgeTNYPQ095tjro1Q8StmCe9GdBCLUDCKVmpkPVGmN71iyat4C5BN4uekBDlqveKs01csjXiMTFJj2r6XYHdCNQom+dTtpIYnlI3ogE8WO07JtZX6JFTavhjJQl3J0ciYLApsMqI4NOveXPzPa6cYPnQnIk5S5DFbDgpTSVCR+cGkLzRnKDNLKNPCbkjYkGrK0NayMiWIpq5ru/DXL98kjduK71X8l7tS9TFvpQCXcAVl8OEeqvAMNagDgzd4hw/4dMbOl/Pt/CyjW07+5wJW4Pz+AVNQkQo=</latexit><latexit sha1_base64="/RN9UxjAX8Mo81NYZ2e+oZtvkSo=">AAAB9HicbVDLSgMxFL3js46vqks3wSLUTZkRQZdFNy4r2Ae0pWTSTBubmQzJncJQ+g9uFXfi1v/p35i2s2nrgcDhnBPuvSdIpDDoeTNna3tnd2+/cOAeHh2fnBbPzhtGpZrxOlNS6VZADZci5nUUKHkr0ZxGgeTNYPQ095tjro1Q8StmCe9GdBCLUDCKVmpkPVGmN71iyat4C5BN4uekBDlqveKs01csjXiMTFJj2r6XYHdCNQom+dTtpIYnlI3ogE8WO07JtZX6JFTavhjJQl3J0ciYLApsMqI4NOveXPzPa6cYPnQnIk5S5DFbDgpTSVCR+cGkLzRnKDNLKNPCbkjYkGrK0NayMiWIpq5ru/DXL98kjduK71X8l7tS9TFvpQCXcAVl8OEeqvAMNagDgzd4hw/4dMbOl/Pt/CyjW07+5wJW4Pz+AVNQkQo=</latexit>

Likelihood	with	Gaussian	noise	in	the	data:		

Prior:		 P0(a) / exp (�R(a)) / exp
�
��|a|1 or 2

�
<latexit sha1_base64="n6hHYyXgGuY9aJDzaxeA6VE+i5c="></latexit><latexit sha1_base64="n6hHYyXgGuY9aJDzaxeA6VE+i5c="></latexit><latexit sha1_base64="n6hHYyXgGuY9aJDzaxeA6VE+i5c="></latexit><latexit sha1_base64="n6hHYyXgGuY9aJDzaxeA6VE+i5c="></latexit>

Posterior:		

P ({yi}|a) / exp

 
�
X

i

(yi � yi(a))
2/2�2

!

<latexit sha1_base64="J5NbmZ/NjyXeJZ1W44Tbk5IEcI0="></latexit><latexit sha1_base64="J5NbmZ/NjyXeJZ1W44Tbk5IEcI0="></latexit><latexit sha1_base64="J5NbmZ/NjyXeJZ1W44Tbk5IEcI0="></latexit><latexit sha1_base64="J5NbmZ/NjyXeJZ1W44Tbk5IEcI0="></latexit>

P (Model|Data) =
1

P (Data)
P (Data|Model)P0(Model)
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= exp(�C(a))
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Maximize	posterior	probability	->	minimize	cost	function	

C(a) =
X

i

(yi � yi(a))
2/2�2 +R(a)
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Least	
squares	
regression!	

Regularization	



Gaussian	Processes	
Consider	just	two	data	points:		 y1, y2

Prior	probability:		

The	two	points	are	Gaussian	distributed	with	zero	mean	and	some	correlation	between	them:	

hy21i = �2, hy22i = �2, hy1y2i = ⌧2 or hyyTi =
✓
�2 ⌧2

⌧2 �2

◆
⌘ K

This	corresponds	to	the	probability	distribution:	

P0(y1, y2) =
1p

2⇡det(K)
exp

✓
�1

2
yTK�1y

◆

No	correlation	 Strong	correlation	P (y1, y2)



Gaussian	Processes	

No	correlation	 Strong	correlation	P (y1, y2)

Now	we	get	the	information	that						actually	has	the	value		

What	is	then	the	probability	distribution	for		

y1 y01

y2?

P (y2) /
Z

dy1�(y1 � y01)P0(y1, y2) = P0(y
0
1 , y2) / exp

"
� 1

2(�2(1� (⌧/�)4))
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◆2
#

A	new	Gaussian!	
Mean:	

h(y2 � hy2i)2i = �2(1� (⌧/�)4)

Width:	

hy2i =
⇣ ⌧
�

⌘2
y01



Gaussian	Processes	

Now	consider	N	data	points:		

Prior	probability:	Gaussian	with	zero	mean	

yT = (y1, y2, . . . , yN )

hyi = 0, hyyT i ⌘ K i .e. P0(y) =
1p

2⇡det(K)
exp

✓
�1

2
yTK�1y

◆

Now	we	come	with	a	new	data	point	 yN+1, yT
N+1 = (y1, y2, . . . , yN , yN+1)

And	again	we	assume	a	Gaussian	distribution:	 hyN+1 yT
N+1i =

✓
K k
k c

◆

Given	that	the	first	N	data	points	take	the	values							we	can	now	update	our	
probability	distribution	and	determine,	that	the	last	data	point	is	Gaussian	
distributed	with	

y0

hyN+1i = kTK�1y0 h(yN+1 � hyN+1i)2i = c� kTK�1k

The	same	formula	for	the	mean	as	the	simple	fitting	with	superposed	Gaussians!	
New	meaning	to	the	kernel	K:	A	measure	of	correlations.	
Data	which	are	“similar”	or	“close”	have	high	correlation.	



Fitting	a	function	
The	prior	distribution	

Functions	on	the	interval	[0,1]:	 Kernel	function	

P0(y) =
1p

2⇡det(K)
exp

✓
�1

2
yTK�1y

◆
, yT = (y(x1), y(x2), . . . , y(xN ))

Prior	distribution:	

Kij = hy(xi)y(xj)i = k(xi, xj) = exp(�|xi � xj |2/2⇢2)

⇢2 = 0.1 ⇢2 = 0.01



Fitting	a	function	

Fitting	a	function	f(x)	based	on	data	points	yi=f(xi)	

Kernel:	

Update	of	model		
because	of	data	

The	value	of						can	be	addressed	by	so-called	cross	validation	

⇢2 = 0.1

⇢2 = 0.01

k(xi, xj) = exp(�|xi � xj |2/2⇢2)

⇢



Back	to	water	splitting	
with	machine	learning	

About 19000 cubic perovskites oxides, oxynitrides, oxysulfides, oxyfluorides, 
oxyfluornitrides 

ABO3,	ABON2,	..	

Fingerprint	(x-vector):	

x(SrTaO2N) = (5, 2, 6, 5, 2, 1, 0, 0)
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Sr	“coordinates”	

(5,2)	
O,	N,	S,	F	

k(xi, xj) = exp(�|xi � xj |2/2⇢2)
Kernel	function:	



Water	splitting	
Gaussian	process	

Kernel:	

Prediction:	 with	

Training	on	500	perovskites	(~2.6	%	of	the	total	dataset).		

Only	determined	by	“metric”	
(not	by	data)	 Data	

Example:	Heat	of	formation	 Mean	Absolute	Error:	0.28	eV	
Mean	Absolute	Predicted	Error:	0.38	eV	

+	error	prediction	

Kij = k(xi, xj) = exp(�kxi � xjk2/2)

y(x) = kTK�1y ki = k(x, xi)
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Exploitation Exploration

1,4-naphthoquinone

Global	optimization	using	Bayesian	estimation	

M.	S.	Jørgensen,	U.	F.	Larsen,	K.	W.	Jacobsen,	and	B.	Hammer,		
The	Journal	of	Physical	Chemistry	A	122,	1504	(2018).	

Not in 
population

In population

Not in 
population

In population

Acquisition	function:	

Ai = Ei � �i
<latexit sha1_base64="XHwJVwKtapj0noQJUEORzK8rymg=">AAAB+XicbVDLSgMxFL3js9bXqDvdBIvgxjIjgm6EqgguK9gHdMpwJ03b0MyDJCOUoeCvuBFxo+BP+Av+jWk7m7YeSDicc0LuPUEiuNKO82stLa+srq0XNoqbW9s7u/befl3FqaSsRmMRy2aAigkesZrmWrBmIhmGgWCNYHA39hvPTCoeR096mLB2iL2IdzlFbSTfPrzxObkm9+Y+8waYJEg8xXsh+ty3S07ZmYAsEjcnJchR9e0frxPTNGSRpgKVarlOotsZSs2pYKOilyqWIB1gj2WTyUfkxEgd0o2lOZEmE3Umh6FSwzAwyRB1X817Y/E/r5Xq7lU741GSahbR6UfdVBAdk3ENpMMlo1oMDUEquZmQ0D5KpNqUVTSru/OLLpL6edl1yu7jRalym5dQgCM4hlNw4RIq8ABVqAGFF3iDT/iyMuvVerc+ptElK39zADOwvv8AWhKR+A==</latexit><latexit sha1_base64="XHwJVwKtapj0noQJUEORzK8rymg=">AAAB+XicbVDLSgMxFL3js9bXqDvdBIvgxjIjgm6EqgguK9gHdMpwJ03b0MyDJCOUoeCvuBFxo+BP+Av+jWk7m7YeSDicc0LuPUEiuNKO82stLa+srq0XNoqbW9s7u/befl3FqaSsRmMRy2aAigkesZrmWrBmIhmGgWCNYHA39hvPTCoeR096mLB2iL2IdzlFbSTfPrzxObkm9+Y+8waYJEg8xXsh+ty3S07ZmYAsEjcnJchR9e0frxPTNGSRpgKVarlOotsZSs2pYKOilyqWIB1gj2WTyUfkxEgd0o2lOZEmE3Umh6FSwzAwyRB1X817Y/E/r5Xq7lU741GSahbR6UfdVBAdk3ENpMMlo1oMDUEquZmQ0D5KpNqUVTSru/OLLpL6edl1yu7jRalym5dQgCM4hlNw4RIq8ABVqAGFF3iDT/iyMuvVerc+ptElK39zADOwvv8AWhKR+A==</latexit><latexit sha1_base64="XHwJVwKtapj0noQJUEORzK8rymg=">AAAB+XicbVDLSgMxFL3js9bXqDvdBIvgxjIjgm6EqgguK9gHdMpwJ03b0MyDJCOUoeCvuBFxo+BP+Av+jWk7m7YeSDicc0LuPUEiuNKO82stLa+srq0XNoqbW9s7u/befl3FqaSsRmMRy2aAigkesZrmWrBmIhmGgWCNYHA39hvPTCoeR096mLB2iL2IdzlFbSTfPrzxObkm9+Y+8waYJEg8xXsh+ty3S07ZmYAsEjcnJchR9e0frxPTNGSRpgKVarlOotsZSs2pYKOilyqWIB1gj2WTyUfkxEgd0o2lOZEmE3Umh6FSwzAwyRB1X817Y/E/r5Xq7lU741GSahbR6UfdVBAdk3ENpMMlo1oMDUEquZmQ0D5KpNqUVTSru/OLLpL6edl1yu7jRalym5dQgCM4hlNw4RIq8ABVqAGFF3iDT/iyMuvVerc+ptElK39zADOwvv8AWhKR+A==</latexit><latexit sha1_base64="XHwJVwKtapj0noQJUEORzK8rymg=">AAAB+XicbVDLSgMxFL3js9bXqDvdBIvgxjIjgm6EqgguK9gHdMpwJ03b0MyDJCOUoeCvuBFxo+BP+Av+jWk7m7YeSDicc0LuPUEiuNKO82stLa+srq0XNoqbW9s7u/befl3FqaSsRmMRy2aAigkesZrmWrBmIhmGgWCNYHA39hvPTCoeR096mLB2iL2IdzlFbSTfPrzxObkm9+Y+8waYJEg8xXsh+ty3S07ZmYAsEjcnJchR9e0frxPTNGSRpgKVarlOotsZSs2pYKOilyqWIB1gj2WTyUfkxEgd0o2lOZEmE3Umh6FSwzAwyRB1X817Y/E/r5Xq7lU741GSahbR6UfdVBAdk3ENpMMlo1oMDUEquZmQ0D5KpNqUVTSru/OLLpL6edl1yu7jRalym5dQgCM4hlNw4RIq8ABVqAGFF3iDT/iyMuvVerc+ptElK39zADOwvv8AWhKR+A==</latexit>


<latexit sha1_base64="8eknxrpRb59ow192iwiAeX0AQec=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSEHonk2TM7O4w0yuEkC/wIuJFwf/xF/wbJ8leklgwUFTV0F0daiUt+f6vl9vY3Nreye8W9vYPDo+Kxyd1m6SGixpPVGKaIVqhZCxqJEmJpjYCo1CJRji6n/mNF2GsTOInGmvRiXAQy77kSE6qt0eoNXaLJb/sz8HWSZCREmSodos/7V7C00jExBVa2wp8TZ0JGpJciWmhnVqhkY9wICbzHafswkk91k+MezGxubqUw8jacRS6ZIQ0tKveTPzPa6XUv+1MZKxTEjFfDOqnilHCZoVZTxrBSY0dQW6k25DxIRrk5M5ScNWD1aLrpH5VDvxy8HhdqtxlR8jDGZzDJQRwAxV4gCrUgMMzvMEnfHnCe/XevY9FNOdlf05hCd73H3ebiso=</latexit><latexit sha1_base64="8eknxrpRb59ow192iwiAeX0AQec=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSEHonk2TM7O4w0yuEkC/wIuJFwf/xF/wbJ8leklgwUFTV0F0daiUt+f6vl9vY3Nreye8W9vYPDo+Kxyd1m6SGixpPVGKaIVqhZCxqJEmJpjYCo1CJRji6n/mNF2GsTOInGmvRiXAQy77kSE6qt0eoNXaLJb/sz8HWSZCREmSodos/7V7C00jExBVa2wp8TZ0JGpJciWmhnVqhkY9wICbzHafswkk91k+MezGxubqUw8jacRS6ZIQ0tKveTPzPa6XUv+1MZKxTEjFfDOqnilHCZoVZTxrBSY0dQW6k25DxIRrk5M5ScNWD1aLrpH5VDvxy8HhdqtxlR8jDGZzDJQRwAxV4gCrUgMMzvMEnfHnCe/XevY9FNOdlf05hCd73H3ebiso=</latexit><latexit sha1_base64="8eknxrpRb59ow192iwiAeX0AQec=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSEHonk2TM7O4w0yuEkC/wIuJFwf/xF/wbJ8leklgwUFTV0F0daiUt+f6vl9vY3Nreye8W9vYPDo+Kxyd1m6SGixpPVGKaIVqhZCxqJEmJpjYCo1CJRji6n/mNF2GsTOInGmvRiXAQy77kSE6qt0eoNXaLJb/sz8HWSZCREmSodos/7V7C00jExBVa2wp8TZ0JGpJciWmhnVqhkY9wICbzHafswkk91k+MezGxubqUw8jacRS6ZIQ0tKveTPzPa6XUv+1MZKxTEjFfDOqnilHCZoVZTxrBSY0dQW6k25DxIRrk5M5ScNWD1aLrpH5VDvxy8HhdqtxlR8jDGZzDJQRwAxV4gCrUgMMzvMEnfHnCe/XevY9FNOdlf05hCd73H3ebiso=</latexit><latexit sha1_base64="8eknxrpRb59ow192iwiAeX0AQec=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSEHonk2TM7O4w0yuEkC/wIuJFwf/xF/wbJ8leklgwUFTV0F0daiUt+f6vl9vY3Nreye8W9vYPDo+Kxyd1m6SGixpPVGKaIVqhZCxqJEmJpjYCo1CJRji6n/mNF2GsTOInGmvRiXAQy77kSE6qt0eoNXaLJb/sz8HWSZCREmSodos/7V7C00jExBVa2wp8TZ0JGpJciWmhnVqhkY9wICbzHafswkk91k+MezGxubqUw8jacRS6ZIQ0tKveTPzPa6XUv+1MZKxTEjFfDOqnilHCZoVZTxrBSY0dQW6k25DxIRrk5M5ScNWD1aLrpH5VDvxy8HhdqtxlR8jDGZzDJQRwAxV4gCrUgMMzvMEnfHnCe/XevY9FNOdlf05hCd73H3ebiso=</latexit>



Bayesian	Error	Estimation	Functionals	
(BEEF)	

•  Density	Functional	Theory	
•  Predictive	power	but	many	different	approximations	to	

the	xc-functional.	
•  Reliability	evaluated	based	on	experience	from	previous	

investigations	or	maybe	apply	several	different	
functionals.	Need	for	systematic	approach.	

•  The	reliability	depends	on	both	functional	and	
investigated	property.	
•  PBEsol	better	than	RPBE	for	lattice	constants	
•  RPBE	better	than	PBEsol	for	chemisorption	energies	



Bayesian	Error	Estimation	Functionals		
(BEEF)	

•  Exchange-correlation	functionals	fitted	to	
experimental	and	high-quality	computational	
data	

•  Different	levels:	BEEF(GGA),	BEEFvdW	
(GGA+vdW),	mBEEF,	mBEEF-vdW	

•  Provides	probability	distribution	of	
functionals	–	ensemble	

•  Error	bars	obtained	from	ensemble	



Effective	temperature	given		
by	the	best-fit	cost	function:	

Insufficient	model:	3rd	order	
polynomial	fit	to	a	sine	function	

Number	of	
parameters	

“Truth”	
Best fit 

Ensemble	

With	this	“temperature”	the	average	fluctuations	for	
predicted	points	in	the	database	equal	the	actual	deviations.	
Derivable	from	max-entropy	principle.	

Approach	for	insufficient	models	
i.e.	models	which	cannot	fit	the	data	points	

T =
2C0

Np

P (a|D) / exp(�C(a)/T ), C(a) =
X

n

(yn � yn(a))
2
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Frederiksen,	Jacobsen,	Brown,	Sethna		PRL	93,	165501	(2004)	
Mortensen,	Kaasbjerg,	Frederiksen,	Nørskov,	Sethna,	Jacobsen,	Phys.	Rev.	Lett.	95,	216401	(2005).	



Essentially	no	additional		
computational	cost		(no	self-consistency)	

Error	estimation:	

GGA:	ensemble	of	enhancement	factors	

Ex[n] =

Z
dr n(r)✏unifx (n)Fx(s)

Fitted	to	molecules	and	solids	

�BEE(O) =

vuut 1

N

NX

µ=1

(O(aµ)�Obest-fit)
2
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Mortensen,	Kaasbjerg,	Frederiksen,	Nørskov,	Sethna,	Jacobsen,	Phys.	Rev.	Lett.	95,	216401	(2005).	



Error	estimation	

Figure	courtesy	of	Kristen	Kaasbjerg	Mortensen,	Kaasbjerg,	Frederiksen,	Nørskov,	Sethna,	Jacobsen,		
Phys.	Rev.	Lett.	95,	216401	(2005).	



Stepping	up	the	ladder:	Larger	databases	and	
more	functional	forms	

Exc =
X

m

amEGGA�x
m + ↵cE

LDA�c + (1� ↵c)E
PBE�c + Enl�c

vdW�DF2

BEEF-vdW	

mBEEF:	
Exc =

X

m,n

amnE
mGGA�x
mn + EPBEsol�c

Exc =
X

m,n

amnE
mGGA�x
mn + ↵cE

LDA�c + ↵PBEsolE
PBE�c + ↵nl�cE

nl�c
vdW�DF2

Expansion	of	enhancement	factor	(density	gradient)	

Expansion	of	enhancement	factor	(density	gradient,	kinetic	energy	density)	mBEEF-vdW	

BEEF-vdW:	
Wellendorff,	Lundgaard,	Møgelhøj,	Petzold,	Landis,	Nørskov,	Bligaard,	Jacobsen,	Phys.	Rev.	B	85,	235149	(2012).	

mBEEF:		
Wellendorf,	Lundgaard,	Jacobsen,	Bligaard,	J.	Chem.	Phys.	140,	144107	(2014)	

mBEEF-vdW:		
K.	T.	Lundgaard,	J.	Wellendorff,	J.	Voss,	K.	W.	Jacobsen,	and	T.	Bligaard,	Phys.	Rev.	B.	93,	235162	(2016).	
Petzold,	Bligaard,	and	Jacobsen,	Top	Catal	55,	402	(2012).	



Functional	comparison	on	
mBEEF-vdW	training	sets	

Overall	
geometric	
mean	

Gas	phase	
reaction	
energies	

Chemisorption	
energies	on	
TM	surfaces	

Solid	
cohesive	
energies	

Solid	
lattice	
constants	

Non-covalent	
bonding	

(mBEEF-vdW: K. T. Lundgaard, J. Wellendorff, J. Voss, K. W. Jacobsen, and T. 
Bligaard, Phys. Rev. B. 93, 235162 (2016).)	



Examples	of	error	estimation	

•  Copper	cohesive	energy	vs	structural	energy	
difference	
•  Energy	errors	can	be	very	different	

•  The	CO	puzzle	
•  When	error	bars	show	we	don’t	know	

•  Compound	formation	energies	
•  Comparing	models	

•  Water	splitting	ABS3	compounds	
•  Error	bars	in	practice	

•  Ammonia	synthesis	
•  When	error	bars	show	we	know	more	than	one	could	

expect	



Fcc-bcc	structural	energy	difference	

Best fit plus BEE: 

  Ec =  3.3 ± 0.5 eV 

  Ebcc – Efcc = 35 ± 4 meV  
fcc                                       bcc 

 

Cu	

Mortensen,	Kaasbjerg,	Frederiksen,	Nørskov,	Sethna,	Jacobsen,	Phys.	Rev.	Lett.	95,	216401	(2005).	



The	CO	puzzle	

Hexagonal surfaces 
at 25% coverage 

Binding energy at 
hollow site vs atop 
site 

Expt: Pd(111) 
hollow site; the 
others atop 

RPA calcuations by 
Schimka et al. Nature Materials 9, 741 (2010). 

mBEEF:  
Wellendorf, Lundgaard, Jacobsen, Bligaard,  
J. Chem. Phys. 140, 144107 (2014) 



Compound	formation	energies	
Errors	and	error	estimation	

FERE:	Stevanovic,	Lany,	Zhang,	Zunger,	Phys.	Rev.	B,	85,	115104	(2012)	

257	binary	compounds	with	known	heats	of	formation	

Pandey, Jacobsen, Phys. Rev. B, 91, 235201 (2015)	

Fitting	of	Elemental	Reference	Energies:	

Fitting	parameters	

PBE	 PBE-FERE	 mBEEF	 mBEEF-FERE	

MAE	 0.24	eV	 0.12	eV	 0.12	eV	 0.09	eV	

Test	set	of	24	binary	and	ternary	compounds:		



Water	splitting	sulfide	perovskites	
Screening	funnel	

More 
demanding 
calculations 

Semiconducting 

Stability 

Band structure 

Defect tolerance 

... 

Absorptivity 

Candidates for experimental investigation 
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architecture (panoscopic approach) in PbTe bulk thermoelectric materials causes a significant reduction 

in țlat and dramatically increases ZT to an exceptionally high value of 2.2 at 915 K [17]. 

Skutterudites and clathrates are highly promising for practical thermoelectric devices operating in the 

intermediate temperature range of 573–973 K [22–28]. These systems contain large cages of host atoms 

in their crystal structures. Filling the large cages with guest atoms reduces țlat because the guest atoms 

rattle at low energy inside the cages and effectively scatter phonons. A very high ZT of 1.9 at 835 K was 

achieved in the skutterudite Sr0.09Ba0.11Yb0.05Co4Sb12 [27], and a conversion efficiency of  

7% was demonstrated in a skutterudite-based thermoelectric module [28]. 

This review discusses recent progress in an intriguing new class of thermoelectric materials,  

layered chalcogenides. Among the layered chalcogenides, we primarily focus on the sulfide systems 

because sulfur is an environment-friendly and cost-effective element. Figure 1 shows the crystal 

structures of the thermoelectric sulfides and chalcogenides addressed in this article, including  

layered sulfide TiS2, misfit layered sulfide [LaS]1.14NbS2, a member of cannizzarite homologous  

series Pb5Bi6Se14, accordion-like layered selenide SnSe, and thermoelectric mineral Cu12Sb4S13.  

The nanoblock integration, nano- and meso-structuring/panoscopic approach, and rattling/low-energy 

atomic vibration to layered sulfides and chalcogenides are important guidance for ZT enhancement 

through all-length-scale hierarchical architecture. 

 

Figure 1. Crystal structures of the thermoelectric sulfides and chalcogenides addressed in 

this article: (a) TiS2 [29,30]; (b) [LaS]1.14NbS2 [31,32]; (c) Pb5Bi6Se14 [33,34]; (d) SnSe [35]; 

and (e) Cu12Sb4S13 [36,37]. Sizes of atoms in this figure are arbitrary. 
  

081514-2 Castelli et al. APL Mater. 2, 081514 (2014)

FIG. 1. Crystal structures investigated in this work: cubic (a), tetragonal (b), and orthorhombic (c and d). The tetragonal and
orthorhombic phases, with 20 atoms unit cell, differ from the cubic (5 atoms unit cell) by a planar rotation and a tilting of the
octahedron, respectively. The organic molecules are shown in (e) and (f).

Perdew-Becke-Ernzerhof (PBE)19 show a Mean Absolute Error (MAE) larger than 10 pm (14.4 and
11.1 pm, respectively). PBE corrected for solids (PBEsol),20 Wu-Cohen (WC), and its corrected
description (WCsol)21 have a MAE below 4 pm (3.7, 3.5, and 3.1 pm, respectively). The fully
optimization of the structures has been performed using GGA-PBEsol because of its small error in
predicting the relaxed structure and because the bandgaps are later calculated using a functional that
is based on PBEsol.

The heats of formation of the candidate materials are calculated with respect to the cubic pure
phases. For example, the heat of formation of the tetragonal CsPbCl2I, !ECsPbCl2I(t) , is given by

!ECsPbCl2I(t) = ECsPbCl2I(t) −
2ECsPbCl3(c) + ECsPbI3(c)

3
, (1)

where ECsPbCl2I is the DFT total energy of the phase indicated in parentheses ((c): cubic and (t):
tetragonal). When !E > 0 eV/fu, the cubic pure systems are more stable than the candidate structure,
while a negative !E indicates that the perovskite under investigation is favorable compared with
the pure cubic phases. A more realistic evaluation of stability is obtained by calculating the heat of
formation with respect to the most stable pure phases. In fact, the stability is, in this case, calculated
with respect to a broader set of reference systems composed of all the possible phases that each
compound can have, while only the cubic phases are included in the pool of references for Eq. (1).
!ECsPbCl2I(t) is now obtained using

!ECsPbCl2I(t) = ECsPbCl2I(t) −
2ECsPbCl3(o1) + ECsPbI3(o2)

3
, (2)

where (o1) and (o2) indicate the orthorhombic1 and orthorhombic2 phases, which are the most stable
phases for CsPbCl3 and CsPbI3, respectively.

It is well-known that the Kohn-Sham states of standard DFT seriously underestimate the
bandgaps. Possible solutions to this problem are the use of hybrid functionals or of many-body
methods, that with an increase of the computational cost, give a better estimation of the optical
properties of the materials. Alternatively, we here use the GLLB-SC potential by Gritsenko, van
Leeuwen, van Lenthe, and Baerends (GLLB),22 adapted by Kuisma et al.23 to include the PBEsol
correlation for solids (-SC) that has been shown to give reasonable bandgaps at a minimal cost.14, 24–26

This exchange-correlation functional includes explicitly the calculation of the derivative disconti-
nuity (!xc) that is added to the Kohn-Sham bandgap (EKS

gap) to obtain the quasi-particle gap (EQP
gap).

GLLB-SC shows an agreement within 0.1 eV with respect to G0W0 for this class of systems.45 It
has been recently shown that the spin-orbit correction plays an important role in the estimation on

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://aplmaterials.aip.org/about/rights_and_permissions Downloaded to
IP:  130.225.93.171 On: Fri, 20 Mar 2015 10:28:28
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in țlat and dramatically increases ZT to an exceptionally high value of 2.2 at 915 K [17]. 
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this article: (a) TiS2 [29,30]; (b) [LaS]1.14NbS2 [31,32]; (c) Pb5Bi6Se14 [33,34]; (d) SnSe [35]; 

and (e) Cu12Sb4S13 [36,37]. Sizes of atoms in this figure are arbitrary. 
  

Discarded 
materials 

Initial structures: 
(Experimental 
databases or  
hypothetical) 

Kuhar,	Crovetto,	Pandey,	Thygesen,	
Seger,	Vesborg,	Hansen,	Chorkendorff,	
Jacobsen,		
Energy	Environ.	Sci.,	10,	2579	(2017)	



Sulfide	perovskites	
Stability	

Band	gap	

Energy	of	formation	

TeHfS3	

Unstable	relative	to	decomposition	
Use	mBEEF	uncertainties	on	energy	of	
formation	to	improve	predictions.	

ZrMgS3	

Kuhar,	Crovetto,	Pandey,	Thygesen,	Seger,	Vesborg,	Hansen,	
	Chorkendorff,	Jacobsen,		
Energy	Environ.	Sci.,	10,	2579	(2017)	



Vojvodic,	Medford,	Studt,	Abild-Pedersen,	Khan,	Bligaard,	and	Nørskov,	Chemical	Physics	Letters,	598,	108	(2014)	

Ammonia	synthesis	

Descriptors:	Adsorption	energies	and	reaction	barriers	
Rates	depend	exponentially	on	barriers.	Can	we	predict	anything	at	all?	



Industrial	conditions:	
100	bar,	50%	approach	
to	equilibrium	

Fe(211)	 Ru(0001)	

Calculations	including	error	bars.	

Rate	limiting	step:	N-N	dissociation	Effective	activation	energy	

Experiment	

Ammonia	synthesis:	Turn-over-frequency	

Correlations	
reduce	error	
bars	

Medford,	Wellendorf,	Vojvodic,	
Studt,	Abild-Pedersen,	Jacobsen,	
Bligaard,	Nørskov,	Science	345,	
197	(2014)		

BEEF-vdW	



Investigating	other	metals	

Absolute	uncertainties	

Uncertainties	relative	to	Fe	

Red	curves:	absolute	
uncertainties	

Shaded	area:	relative	to	Fe	

Ensembles	collapse	along	
scaling	relations	
(Brønsted-Evans-Polanyi)	

Probability	distribution	for	
optimum	of	volcano	
Optimum	is	well	determined!	

-0.58±0.08 eV 

Medford,	Wellendorf,	Vojvodic,	
Studt,	Abild-Pedersen,	Jacobsen,	
Bligaard,	Nørskov,	Science	345,	
197	(2014)		



Limitations	

•  Functional	and	error	estimates	depend	on	
model	(GGA)	and	database	(solids	and	
molecules)	

•  Problems	if	
•  a	property	is	not	represented	in	the	database	
•  model	is	unable	to	describe	the	property	at	all	

•  vd-Waals	interactions	with	GGA	



The	End!	


